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EQUILIBRIUM PROBLEM OF A PLATE WITH AN OBLIQUE CUT

V. A. Kovtunenko, A. N. Leont’ev, and A. M. Khludnev UDC 539.3

The nonpenetration condition for a plate with an oblique cut is proposed. The variational
formulation of the equilibrium problem and the equivalent formulation in the form of a boundary-
value problem are obtained. The analytical solution is given for a one-dimensional case (a beam
with a cut), and the qualitative properties of this solution are studied.

Introduction. The presence of a cut in a plate means that in addition to the outside edges, the plate
has inside ones, which are called cut faces. In an undeformed state, the cut faces are in contact with each other
everywhere along the two-dimensional surface, determining the shape of the cut. If, for the external faces,
one can impose, for example, a jam condition, then for the cut faces, it is natural to assume the possibility of
contact along the cut surface and to require their mutual nonpenetration. The restrictions that characterize
this class of displacements of the points of the cut faces will be called a nonpenetration condition. This
condition can incorporate the friction between the cut faces during their contact as well.

One can use the term crack instead of the term cut, assuming that the crack has a zero opening in an
undeformed state. However, attention in the existing theory of cracks is mainly focused on the problems of
crack propagation and the determinations of the quantities that characterize the deformed state [1}. In this
case, the boundary conditions considered at the crack sides usually imply violation of the nonpenetration
condition [2].

We consider the problem of finding the displacement field of the cut-containing plate’s points with
allowance for the nonpenetration condition, which leads to the variational and boundary-value formulations.
As the analytical and numerical results obtained by Kovtunenko [3, 4] show, taking into account the
nonpenetration condition changes significantly the qualitative character of the solution for thin plates
(Kirchhoff model).

The problems with cuts have wide applications not only in designing structures, but, for example,
in geology: cuts can simulate faults of tectonic plateforms described by thin plates in tectonics [5]. The
nonpenetration condition for thin plates with cuts and the variational formulation of the equilibrium problem
with a cut were proposed and studied by Khludnev and Sokolowski for the first time [6]. Khludnev {7]
considered a cracked shell and studied control in the problem in which a crack opening serves as the optimality
criterion. The contact problem for a cracked plate with a rigid punch was studied in [8]. An analytical solution
for the one-dimensional case (for the problem of a beam with a cut) was constructed in [3]. An algorithm for
numerical solution of the problem of a plate with a cut was proposed in [4].

In the present paper, a nonpenetration condition for a plate with an oblique cut that generalizes the
case of a vertical cut is proposed. Variational and equivalent differential formulations of the problem are
given. The problem is solved analytically for the one-dimensional case (a beam with a cut), and qualitative
properties of the solution are examined.

1. Nonpenetration Condition. We denote the horizontal and vertical displacements of the points
z = (z1,z2) of the plate’s median plane Q by W(z) = (uj(z), ua(z)) and w(z), respectively. Here @ C R? is
the bounded domain with a smooth boundary. Let 2k be the plate thickness. According to the hypothesis of
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Fig. 1

straight normals, adopted in the theory of thin plates, the vertical displacements w(z, z) of the positions of the
plate which are at a distance z from the middle plane are considered equal to w(z); horizontal displacements
in a z-linear approximation are found from the relations [9]

W(z,z) = W(z) + z2Vw(z), |z] < A.

Let the plate have a zero-width cut which is through over the thickness and does not reach the
lateral boundaries and which is described by a sufficiently smooth surface I' having no self-crossings (Fig.
1). Introducing the vector of unit normal n(z,z) at each point (z,z) € T, we define the positive ' and
negative I'" cut faces. We denote the angle between n(z,z) and the middle plane Q by a(z, z), the curve
obtained by the intersection of I' and Q by 4, and the middle plane of the plate with a cut by (,. Next,
we define the unit vector (v1(z), »2(z),0), whose direction coincides with the projection of n(z,0) onto €.,
and introduce the notation v = (v, 7). We then have n(z,0) = (v(z) cos a(z,0), sin a(z,0)). Let II; be the
vertical plane passing through the point z € v in the direction of n(z,0) and C; be the section obtained in
intersecting [I; and I'. We assume that the segment C is rectilinear in each cross section of II,. We then have
n(z,z) = n(z,0) = n(z) and afz, z) = a(z,0) = a(z) Vz(|z| < k), and the coordinates (%, z) of the points of
the surface I' are found from the relations Z = z — zy(z) tan a(z) and |z| < k, = € 7. Displacements of the
middle plane’s points at the positive (negative) face are denoted by W*(z) and w*(z) [respectively, W~ (z)
and w=(z)].

In deriving displacement conditions for points I'* and ', we assume the angle o to be sufficiently
small. After this, we can assume, in the z-linear approximation, that all the points of the segment C; have
the same horizontal and vertical displacements, depending on the cut faces, and we set

wi(z,2) = wi(z), ze€7, Wt(z,z) = WE(z) + 2Vui(z), |2l <h, z€7.

The nonpenetration condition for the cut faces ['t and '™ consists of the fact that the difference between their
displacements at each point (%, 2) in the projection onto the normal n(z) should be nonnegative. Denoting
[W(z)] = W*(z) - W~ (z) and [w(z)] = w*(z) — w™(z), = € v, we write this condition as a scalar product:

(W] + 2[Vuw),[w])-n 20  Vz(lz] < k) at each point z € v,
or

Q,(W,w, —Z%) = [W,w, 3—1:] -(n,zcosa) 20  (|z] < h) at each point z € 7. (1.1)

Here [W, w, dw/dv] = ([W], [w], [0w/dv]) and dw/dv denotes the normal derivative on 7. We note that if the
inequality (1.1) holds for z = *h, it is satisfied for all z,|z| < kh owing to its linear character in z. Thus,
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condition (1.1) can be written in the equivalent and z-free form:

<I>(W,w, Z—l:) =([W] v+ |[wtana—h [3—1:] > 0 at each point z € 4. (1.2)
For a(z) = 0, we obtain, from (1.2), the known nonpenetration condition for a strictly vertical cut [6):
Wl-v2h [g_z:] at each point = € 7.

Thus, condition (1.1) {or (1.2)] describes, in the z-linear approximation, the interaction of the faces of an
oblique cut, admitting its contact (the equality case) or the absence of contact (the inequality case) at some
previously unknown segments, and simultaneously excludes the mutual penetration of the cut faces.

2. Variational Formulation of the Problem. Under the smallness conditions for deformations, the
energy functional of an isotropic plate whose middle plane occupies the domain 1 is of the form [9]

HW,w) = 5 AW, W) + 5 Blw,u) — (F, ), (W w)a,

where (-, )q refers to integration over the domain {2y;
l—a

AW, W) = G/ (ul,lﬁl,l + ug2ti22 + 2(u1,112,2 + uz21,1) + (u1,2 + uz,1) (G2 + ﬁg,l)) aQdy;

fiy

B(w,w) = D /(w,u W,11 +w,22 W,22 +2w,11 W,22 +aew,22 W,11 +2(1 — &)w,12 W,12 ) dy;
Qy

D = Er¥/3(1 — #?), G = ER/(1 — &?), E is the Young modulus, @ is the Poisson ratio (0 < & < 0.5),
(F, f) is the vector of external forces, F = (f1, f2), and W = (i, ). The subscript after the comma refers
to differentiation with respect to the corresponding coordinate.

We specify the conditions at the external boundary of the domain Q,: W = w = 8w/dv = 0. Here the
normal derivative dw/0v refers to the external boundary of the domain Q,. In the curve 7, we require the
satisfaction of the nonpenetration condition for the cut faces: ®,(W,w,8w/dv) 2 0 Vz, |z| < h.

Let H(},.,(Q.,) be the subspace of the Sobolev space H!(f,) which consists of the functions vanishing at
the external boundary of the domain Q,, and HZ,(Q,) be the subspace of the Sobolev space HZ(f2,) which
consists of the functions vanishing together with the first derivative at the external boundary of Q2,.

We introduce the space H = Hj.(Q,) x H}.(9,) x H () and the set K = {(W,w) €
H|®,(W,w,0w/dv) 2 0 Vz, |z| < h}. It is then possible to consider the nonpenetration condition almost
everywhere in v. We shall assume that F € L%(2,) x L¥(Q), f € L?(Q,). The equilibrium problem of a plate
with the cut o under the condition of mutual nonpenetration can be formulated as a minimization problem:

(w'lg)feKJ(I'V, w) = J(W*, v*). (2.1)
The functional J is coercive, weakly semicontinuous from below, and strictly convex on H. The set K coincides
with the closed convex set {(W,w) € H | ®(W,w,dw/0v) 2 0} owing to the equivalence of (1.1) and (1.2).
Hence, the minimization problem (2.1) has a unique solution [10], which is denoted by {W*, w*}.

3. Formulation in the Form of a Boundary-Value Problem. We introduce the strain tensor
ij(W) = (1/2)(ui,; + uj,5) (3, 7 = 1). According to Hook’s law, the stress tensor o;;(W) (i, j = 1) is of the
following form for a homogeneous isotropic plate:

0’11(W) = G(eu(W) + aezz(W)), 0’22(W) = G(ezz(W) + 3‘3611(W)), 0'12(W) = G(l - ae)elz(W).

We determine, in v+, the stress ot (W) = (01;(W ™)y}, 02;(W)v;), the transverse force

32w+) ,

a
+ =D—= + -
t"(wy=D 3 (Aw +(1 - =) 573
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and the bending moment

wt
ov? )’
where 7 = (—vg,v1) and Aw = w,); +w,22. Using the values of W~ and w™ and selecting the negative
direction of the normal (—v), we define o= (W), t~(w), and m™(w) on v~ similarly.

Let the solution of problem (2.1) be sufficiently smooth, so that

(W)€ L2(y) x L*(7),  t*(w),m*(w) € L*(7). (3.1)
As in [7], one can show that the conditions [o(W*)] = [t(w*)] = [m(w*)] = 0 are satisfied on 7. We denote
o* = st (W*), t* = t¥(w*), and m* = mE(w*).
For the case considered, the existence of the solution of problem (2.1) is equivalent [10] to the existence
of the Lagrange factor £ € L?(7) (¢ = 0 almost everywhere on ) such that

I, w) - (8. (W, w0, E»v <IW,0) - (6,0 (W,w 6_w)>1

mt(w) = D(aeAw+ +(l-2)

v T Qv
(3.2)
V(W,w) € H, Vz, |z} < k.
Here
LA
(e (W, 57)), =0 (33)

where (-,-), denotes integration over the curve 7. Using the Green formula, one can write the minimum
condition (3.2) in the equivalent form owing to the convexity of J and the linearity of ®, with respect to W
and w:

((AW*, Bw*) — (F, f), (W, w))q + ((a‘,t‘,m‘), [“_” w, %%D, - <f’ e (W’ et 3_1:», =0

V(W,w) € H, Vz, |z|] < k.

Here the operators A and B have the form AW* = —(01;;(W*),02;;(W*)) and Bw* = DA%w*. The
variational equality (3.4) means that the equilibrium equations are satisfied everywhere in £,:

(3.4)

"'O'ij,j(W‘) = fis i=1,2, DAzw‘ =f, (35)
and the following equality is satisfied almost everywhere in the curve +:
(¢*,t*,m*) = £(n, z cos ). (3.6)

Multiplying, in a scalar manner, both sides of (3.6) first by the vector (n,zcos &) and then by an arbitrary
orthogonal vector (n,zcosa); and taking into account that { > 0, we obtain almost everywhere on v Vz
(Izl < h)

(¢*,t*,m*) - (n,zcosa) 2 0, (¢*,t*,m*) - (n,zcosa); =0. (3.7)

With allowance for (3.6), equality (3.3) can be written as
* * * * * aw‘ —
<(or,t,m ),[W,w, ay]>7—0. (3.8)

Thus, if the solution {W*,w*} of the equilibrium problem for a cracked plate is subject to condition (3.1),
both formulations [in the form of the minimization problem (2.1) and the boundary-value problem (1.2), (3.5),
(3.7), and (3.8)] are equivalent. Conditions (1.2) and (3.6) are linear with respect to the parameter z,|z| < A
This means that they should be satisfied for z = h and z = —h and, on the cut, they take the form

oij(W*jvitana +t* =0, oi;(W*)yn =0,
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* * * * aw‘
i (W Yyl [ufl + [ tan ) + m [S2] =0, (3.9)
* 1 * * * aw*
—0i;(W*)vjvi 2 7 fm?|, [uflvi + [w*]tana > h“ 5 ”

4. Formulation of the Beam Problem. We shall consider a homogeneous isotropic beam of unit
length and thickness 2h. Let the median line of the beam occupy the segment (0,1) on the z axis. At the
point y = 0.5, there is an oblique cut passing at the angle o to the vertical (Fig. 2). We assume that the cut
does not reach the boundary, i.e., 0 < tana < 1/2h. We look for the functions u(z) and w(z) of the horizontal
and vertical displacements of the median points under the external load [g(x) and f(z)} (Fig. 3). The jam
condition u = w = w; = 0 at z = 0 and 1 is imposed at the external boundary. The condition of mutual
nonpenetration of the cut faces takes the form [u] + [w]tan a > hk|[w;]|, where [s] is the jump of the function
s at the point y, i.e., [s] = s(y + 0) — s(y — 0). The beam’s energy functional is

1
J(u, w) =/(—G—ui + —D—wzz —gu—fw) dz.
0

We denote 2 = (0,y) U (y,1). We then introduce the Hilbert space
H={ue H(Q),we H}Q)|u=w=1w,=0 for z=0and 1}
and the closed convex set
K = {(u,w) € H|[u] + [w]tana > h{{w]|}.

Let f and g be specified functions from L3(2). The equilibrium problem of a beam with an oblique
cut (2.1) is formulated as the variational inequality

/ (Gua(@z — tz) + Dwze(Bzs — wez) — 9(@ — u) — f(& —w))dz 20 V(&,@) € K. (4.1)
0

We introduce the differential formulation of problem (4.1). To do this, we use the following Green
formula:

/(Gu:ﬁz + Dw,;u_),_-:)d:l: = /(_GUZ-:& + Dwzzzzw)dz - G[u:ﬁ] - D[w:;wz] + D[Wz;zﬁ)].
Q Q

After that, the variational inequality (4.1) can be represented in the form

J(=Gtex = 6)(@ ~ ¥) + (Dwsesz — F)(@ — w)) da

Q
We take it = u + £ and W = w + 7, where £, € C§°(Q2). Since (u,w) € K by definition and (¢,7) € K,
choosing in turn £ = 0 and 7 = 0, we obtain that the equations —Guz: = ¢ and Dw;;z; = f are fulfilled in
the domain (). Now we take £,7 € C§°(0,1) and [¢] = [7] = [7:] = 0 and £(y) = a, n(y) = b, and 7:(y) = c.
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Choosing in turn the zero values for arbitrary a, b, and ¢, we have [uz] = [w;z] = [wsz:] = 0. We define the
auxiliary functions

+(u w) = [u] + [w]tan a + hlw,), ¢ (u,w) = [u] + [w] tan & — Afw;].
[t follows that the initial nonpenetration condition is equivalent to the inequalities ¢ (u,w) > 0 and
¢~ (u,w) > 0. Clearly, the constructed functions are linear in their arguments. We note that

_ ¢t (u,w) — 97 (u,v) _
(] = oh , [u] + [w]tana =

o (4, 0) + ¢ (u, w)

5 .
Taking into account the equations derived, we represent the variational inequality (4.1) in the new notation
in the form

(Dtzes(y) + Gus(y) tan o)fip ~w] — 5(Gue(y) + ;I;Dwu(y))w(a - w)

-= (G’u,(y) Dwu(y))cp (& —u,0—w)2 V(z,w) € K. (4.2)

Choosing & = u + £ and @ = w + 7 such that ¢*(£,7) = 0 and ¢~ (§,7) = 0 for arbitrary [5] = ¢, we
obtain u(y)tana + (D/G)wzzz(y) = 0. Now we choose { and 5 such that ¢~(£,n7) = 0. For arbitrary
@¥(£,m) =20, we have

D
-3 (Guz@) + g waa(y)Je >0,
and, hence, uz(y) + (D/Gh)wzz(y) < 0 and uz(y) — (D/Gh)we=(y) < 0. Since (0,0) € K, one can use
(&, @) = (0,0) in (4.2). This yields the inequality
D D -
(Guz(y) + wu(y))<ﬂ+(u, w) + (Guz(y) -7 wu(y))so (u,w) >0

Since (u,w) € K, we have 2(u,w) € K. We take (i, w) = (2u,2w) and, substituting it into (4.2), we obtain

—(Gueto) + 2 wral0) ), 0) = (Gunls) = T wes(0) ™ () 30

The following relations follow from the last two inequalities and the fixed signs of the cofactors:

(Gurt)+ 2 weet)) ¥, w) =0, (Gualy) = 2 weels) )™ ( ) =0.

Thus, we have proved the following theorem.
Theorem 1. The variational inequality (4.1) is equivalent to the boundary-value problem

—Gu" =g, Dwzzzz = f n Q, [‘Uz] = [wz:] = [wzxz] =0,
2
uz(y)tana + % wzzz(y) =0, [u] + [w]tana 2 h[w.]|, —ug(y) 2 g' |wz=z(¥)], (4.3)

(4e0) + B1022(3)) (] + fdtam W) =0, (wa(y) = 3 wes(s)) [u] + o] tan s = hfs]) = 0

Adding the last two equalities, we obtain the equivalent relation
h2
uz(y)([u] + [w]tana) + 3 wzz(y)[ws] =0

In this form, the boundary conditions of Theorem 1 are an analog of (3.9) for the one-dimensional domain.

5. Construction of the Solution of the Beam Problem. If we construct the solution of problem
(4.3), we thus have the solution of the initial inequality (4. 1) owmg to its umqueness We note that it is
convenient to seek the solution in the form of the sum u = u® + u! and w = w® + w! of the solutions of the
inhomogeneous problem with zero boundary conditions

—Gugz‘ =9, Dwgzzz = f in Q’
(5.1)
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[Wf] = [wl,] =[] =0,  ul(y) = wh(y) =wl.(y)=0

and the homogeneous problem with nonzero conditions at the point y. It is clear that the solution (u? w°) €
(H*(Q)x H4(Q))NH of problem (5.1) exists, and it is unique, since we solve as a matter of fact two independent
problems on (0,y) and (y, 1):

‘Gugz =9, Dwgz:z =f in (Oa y)’ _Gugz =9, Dwgzzz =f in (yy 1)1
u?(0) = w®(0) = wd(0) =0,  w°(1) = w’(1) = w¥(1) = 0,
up(V) = woo(v) = vl (¥) =0, ui(y) = wi(y) = wi..(y) = 0.
We note that (u®,w°) is the solution of the problem of a beam with a cut for which the nonpenetration
conditions are not imposed and the faces are assumed to be free.

For convenience, we introduce the following constants: § = 12h2 and p = 4h? + tan?a.
Having solved problem (5.1), one can calculate the quantities

ot = [u% + [w’] tan o + A[w]], ¢~ = [u"] + [0’ tan a — A[w]],
W=+ ltana + Lud), ¥ = 07+ ) ana - 2 ]

We introduce the following functions into our consideration:

_ z?, z € (0,y), _f 2sz, z € (0,y),
=) = { (e-17, ze(y1), = { Ae—1), ze L),
23 — 322, z € (0,y),

Ala) = { 23~ 322 +1, z € (y,1).
The pairs (8z,0) and (0,, 8) belong to the space (C*(2))?2 N H, and the relations
0:z(z) =2, 0:::(z)=0, [6]=0, [0:]=-2, PB:(z)=6(z>-2),
Pez(z) = 6(22 — 1), Brz2(2) =12, Przez(z) =0, [Bl=1, PBra(y)=0, [Bz]=0

hold. Here, as before, y = 0.5.
Theorem 2. The functions u(z) = u%(z) + 2h? A0;(z) and w(z) = w'(z) + 6hBO(z) — AB(z)tana are
the solution of the variational inequality (4.1), where

(0’ 0)’ if ‘P+ 20, o 20,
Ap =] ETA7N et ), if ¢t<0, ¥~20,
(B =1 (549 (om0 —¢), if o= <0, $*+>0,

((o* + ™)/ 20, (ot ~ ©7)/26), if $t<0, y<o.

Proof. It is sufficient to check conditions (4.3). Indeed, by virtue of the noted properties of the functions
0 and 4, we have

—Gugz = —Gul, — G2h* Al =g—0=g in Q,
DWszszz = Dw3yzy + D6hBOsozz — DABrssstana=f+0-0=f  in Q,
[us] = [uz] + 2h*Ab:2] = 0,  [wee] = [wl,] + 6hB[fzs] ~ Alfzs] tana = 0,
[weze) = [w2,;] + 6hB[0:25] — A[Bzzz] tana = 0.
Now we calculate the following quantities for the functions constructed:
uz(y) = ug(y) + 2h°A0:2(y) = 4424,  wer(y) = Wl (y) + 6hBO,;(y) — ABso(y) tana = 12hB,
Wrza(Y) = W3z5(y) + 6hBbz22(y) — ABrez(y) tane = —124tana
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g(x) R LY

-C} ————s

Then
uz(y) £ 3 wzz(y) = 4h°(A £ B), uz(y)tana + -é—wnz(y) = 0.

Next, [u] = [u®] — 4h% A, [w] = [w®] — Atan «, and [w;] = [wl] — 12k B, which yields {u] + [w] tan & & h[w;] =
o* —pAF6B.
Hence, it remains to check that
(A+ B)(¢*t - pA-6B)=0, (A-B)(¢~ —pA+6B)=0,
et 2 pA+8B, ¢ 2pA-6B, —-A2|B|

Four variants are possible:

1) A+4B=0, A-B=0, ¢t—pA—6B20, ¢ —pA+6B20,

2) A+B<0, A-B=0, ¢t—pA-§B=0, ¢ —-pA+6B20,

3) A+B=0, A-B<0, ¢t*—-pA-6B>20, ¢ —-pA+86B=0,

4 A+B<0, A-B<0, ¢*'—pA-6B=0, ¢~ —pA+8B=0,
which give the desired values of the constants A and B. The theorem is proved.

Remark 1. It is easy to see that the solution (u,w) belongs to the space (H2(2) x H*(2)) N H owing
to the smoothness of the functions u°, w°, 8, and 8.

Remark 2. The constructed functions 6 and f give a correction associated with the imposition of
the nonpenetration condition for the solution (u,%°) of the beam problem with free faces. Here u = u® and
w = uw’ (i.e., A = B = 0) only in the case p* >0 and ¢~ > 0.

Remark 3. Having found the solution of problem (4.1), we can calculate the remaining physical
characteristics of the problem. Here the stresses and strains

o(z) = e(z) = @u,(z) = @(ud(c) + 4h24),
the bending moments
m(z) = Daw;.(z) = Da(wl (z) + 12kB — 6A(2z — 1) tan a)
and the transverse forces
t(z) = Dwzz:(z) = D(wl,,(z) — 124 tan a)

are continuous functions on (0, 1).

Now we deduce some corollaries from Theorem 2 for particular cases. Let @ = 0; then we have a
vertical cut, and the nonpenetration condition takes the form [u] > h|[w;]|. The corresponding boundary-
value problem (4.3) for the variational inequality (4.1) takes the form

“"Gu:z = g, Dwzzzz = f il’l Q,

[uz] = [wrz] = [wrxz] =0, wz:z(y) =0,

(5.2)
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Fig. 6
(o) + 3 wea) )l + Blual) =0, (us(o) = 5 ee(o) )l = hloel) =0,
> Mlwall,  —ue(y) > 3 e

According to Theorem 2, for the introduced quantities ot = [u®] £ A[w?] and p* = [u®] £ (A/3)[w]], the
following corollary holds.

Corollary 1. The functions u(z) = u¥(z) + (4/2)0:(z) and w(z) = w¥(z) + (3B/2h)8(z) are the
solution of problem (5.2), where

(0,0), if ¢t20, ¢~ 20,
(1/4) (¢, ¢*), if pt<0, %~ >0,
(4B) =1 (1/4) (67, ~¢), if o= <0, Y*>0

(et +97)/2 (ot —97)[6), if $+<0, ¥~ <0
6. Beam with an Oblique Cut under Horizontal Loads. We assume that the vertical loads are
zero, i.e., f(z) = 0. We then obtain w%(z) = 0. Hence, p* = ¢~ = ¢+ =y~ =[u%] and B=0.
We denote the positive and negative parts of the number by plus and minus signs, respectively, i.e.,
s=st—s, st s~ >0, and sts~ = 0. From Theorem 2, one can deduce
Corollary 2. For f =0, the functions

tan o
P

2
u(z)=u°(z)—3,’;‘-[u°1-oz<z), w(z) = 222 10 B(z)

are the solution of the variational inequality (4.1).

Thus, nonzero vertical displacements can arise in this case because of horizontal loads. For a vertical
cut (a = 0), the condition f = 0 entails w = 0.

As an illustration, we consider the external load specified as a function

(2) = ¢, z€(0;0.5),
g\ = —c, z €(0.5;1),
which corresponds to compression for ¢ > 0 (Fig. 4). After that, one can calculate the function u’(z) (Fig. 5):

w¥(z) = [(1 — &2)/(2Eh)|z(1 — z)g(z). Its jump [u?] = —c(1 — 2?)/(4ER) is not positive, i.e., [0 =
¢(1 — &?)/(4Eh). According to Corollary 2, we find a solution of the variational inequality (4.1) in the form

(z) = el —?) [ —z2+ (1 - 6/6p)z, z € (0;0.5),

W= "B | 22— (1+6/6p)z+6/6p, z € (0.51),
(z) = (1 — &*)tana [ 2z° — 322, z € (0;0.5),
W= T4 Ehp 273 ~322+1, z€(051).

The graph of the function w(z) is depicted in Fig. 6; we note that [w] = ¢(1 —a?) tan a/(4Ehp). For extension
(i.e., at ¢ < 0), we obtain [u?] > 0 and, hence, (%]~ = 0 and u(z) = 4%(z) and w(z) = 0.
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